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Abstract 

The engineering calculation procedure of the stress-strain state of the two-layer coating under 
the load localized along a line is proposed. The plane coupled problem of the plate equilibrium has 
been formulated. The analytical solutions of the problem have been obtained and compared with 
previous results for the uncoupled problem. The analytical estimations of strength of the composite 
coating have been given.  
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 1 INTRODUCTION 
Workability of machines, mechanisms and equipment subjected to contact loads and to 

interaction with aggressive or abrasive media is mainly controlled by the state and structure of the 
surface layers of their critical components. Conventional procedure of surface hardening of machine 
parts implies deposition of functionally gradient coatings whose integral parts have different 
functions. Such heterogeneous structures include, in particular, two-layered coatings of the ceramics-
aluminum system, which cover the surface of steel [1] or aluminium [2] parts. The external (oxide) 
layer exhibits a high hardness and ensures the protection from mechanical wear, while the subsurface 
(aluminum) layer provides the necessary bond with the base metal (steel) and protects the latter from 
hydrogen saturation in aggressive media. Similar problems rise also in civil engineering within 
interaction of building walls and base plates on soil bodies.  

The available literature in this domain [3–7] provides insufficient insight into the effect of 
structure and mechanical properties of the two-layer coating components on the limit load values. 
Especially, this is vital for localized spatial loads. Study [6] describes the approach to analytical 
calculation of local stresses in a two-layer coating treated as a plate lying on the Winkler bed and 
provides the assessment of the limit load transferred from the tool applied during the finishing 
mechanical treatment of the coated part. The procedure for design optimization of a two-layer coating 
for particular local loading conditions is considered in the article [7].  

The aim of the present study is elaboration of the technique [6, 7] in the case of taking into 
consideration interconnection of the membrane and bending fields in coating.  
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 2 PROBLEM FORMULATION AND STRENGTH CRITERION  
Let’s consider a flat rigid foundation with deposited two-layer coating consisting of a quite 

stiff surface layer of thickness ch  (external coating layer) and of a quite compliant subsurface layer 
of thickness oh  (substrate), which is illustrated by Fig. 1. 

The external (upper) layer is modeled by a plate subjected to tensile (compressive) and 
bending loads, while the lower (substrate) layer is treated as an interlayer whose behavior is 
controlled by the Winkler hypotheses on the proportionality of stresses and elastic displacements. For 
the sake of the problem simplification, the base is assumed to be perfectly rigid, while the mechanical 
contact between the coating components is treated as a perfect one. The composite is loaded by 
distributed force which is uniformly distributed along the straight line (normal to the plane in Fig. 1) 
and is represented as two components X  and Y  (N/m). Another assumption is the plane strain state 
of the composite under study ( 0=zε ). The stress distribution in the coupled two-layer composite and 
the strength values are to be derived.  

 
Fig. 1: Scheme of a two-layer coating and load  

 

Based on the above assumptions, the equilibrium equation for the coating on an elastic bed 
takes the following form [8, 9]:  
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where: 
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)(xδ  –is the Dirac function,  

)1/(2 2
ccchEB ν−=  – are stiffness values for tension [Pa·m],  

))1(3/(2 23
ccchED ν−=  – are stiffness values for bending, [Pa·m3],  

))1(2/(/ ooooox hEhGk ν+== , ooy hEk /=  – are the Winkler bed coefficients, [Pa/m],  

Y

oh

x

y

oooE ][,, σν

cccE ][,, σν
O

ch2

z

X



111 

cE , oE  – are elastic moduli of coating and substrate, respectively [Pa], 

cν , oν  – are Poisson’s ratios.  

At infinity the loads and bending moments turn to zero: 
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Obtained displacements correspond to stress in the coating, in particular in the external coating 
midsection ( 2/chy −= ) have the following form:  
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Using the Winkler hypotheses, the stresses in the substrate are assessed as follows:  
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For the strength assessment of each layer, the Mises criterion is used, which yields the 
following equations for the plane-strained coating  

 cxyyxccyxccсeq x ][3)221())(1()( 22222
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and for the Winkler bed-type substrate  

 oxyyоeq x ][3)( 22
, στσσ ≤+≡ , (6) 

where  

c][σ , o][σ  – are maximal permissible stresses for the coating and substrate materials [Pa].  

Тhe underlined members in equations (1) and formulae (3), (4) characterize interconnection of 
membrane and bending fields and distinguish this statement from the previously considered 
uncoupled problem [6, 7].  

 3 STRESSED STATE ANALYSIS  
Using the dimensionless values cx huu /1 = , cy huu /2 = , chx /=ξ  the problem (1), (2) was 

presented in the form:  
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The elements of symmetrical matrix of differential operators and the loads vector are the 
following:  
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The analytical solution of boundary problem (7), (8) has been obtained using the Fourier 
transformation. The result in image space parametrised by ω  is the following:  
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The problem of Fourier inversion of the expression (9) is reduced to finding zeros of the 
denominator (the roots of the bicubic equation 0)( =ωΔ ).  

As we see, rejection of underlined member which is responsible for connectivity of problem 
significantly simplifies the searching of roots.  

We considered the example of the calculation with parameters:  0=X , 1/ −=BY , 1=ε , 
25.0=oν , 3.0=cν . The results of simulation of dimensionless values of the displacement and von 

Mises stresses are represented on Fig. 2 and Fig. 3.  
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Fig. 2: The horizontal and vertical displacements of upper layer coating: dashed lines correspond  

to uncoupled problem [6, 7], solid lines correspond to consider coupled problem 
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Fig. 3: The equivalent stresses in the coating and in the substrate:  

dashed lines correspond to uncoupled problem [6, 7],  
solid lines correspond to consider coupled problem 

 
 
 

 6 CONCLUSIONS  
The proposed calculation procedure makes it possible to provide analytical prediction of the 

stressed state and limiting equilibrium of two-layer coating for various ratios between geometrical 
and mechanical characteristics of the coating components.  

The principal issue of the proposed calculation scheme is application of the strength criteria to 
both components of the piecewise-uniform body. The conclusion about the real strength of the 
composition should be done by comparing the value of relationship cceq ]/[, σσ  and ooeq ]/[, σσ .  

The comparison of presented model that takes into account the connectivity of membrane and 
bending fields and previously developed model [6, 7] shows that at small ε  the simplified theory is 
worth using.  

LITERATURE 
[1] SAAKIYAN, L. S., EFREMOV A. P., ROPYAK L. Ya. & EPELFELD A. V. Application of 

surface strengthening of aluminum alloys and coatings for improving corrosion and 
mechanical resistance of oil-and-gas industrial equipment components. Moscow: 
VNIIOENG, 1986. 61 pp. (in Russian).  

[2] STUDENT, М. М., DOVHUNYK V. М., KLAPKIV М. D., POSUVAILO V. М., 
SHMYRKO V. V. & KYTSYA А. Р. Tribological properties of combined metal-оxide–
сeramic layers on light alloys. Materials Science. 2012, XLVIII. Nr. 2, pp. 180–190. ISSN 
1068-820X. DOI: 10.1007/s11003-012-9489-7.  



115 

[3] DOLGOV, N. A. Determination of stresses in a two-layer coating. Strength of materials. 
2005, XXXVII. Nr. 4, pp. 422–431. ISSN 0039-2316. DOI: 10.1007/s11223-005-0053-7.  

[4] DOLGOV, N. A. Analytical methods to determine the stress state in the substrate–coating 
system under mechanical loads. Strength of materials. 2016, XLVIII. Nr. 5, pp. 658–667. 
ISSN 0039-2316. DOI: 10.1007/s11223-016-9809-5.  

[5] GORYACHEVA, I. G., TORSKAYA E. V., KORNEV Yu. V., KOVALEVA I. N. & 
MYSHKIN N. K. Theoretical and experimental study of the mechanical properties of 
bicomponent metal vapor deposited coatings. Journal of Friction and Wear. 2015, XXXVI. 
Nr. 3, pp. 262–265. ISSN 1068-3666. DOI: 10.3103/S1068366615030058. 

[6] ROPYAK, L. Ya., SHATSKYI I. P. & MAKOVIICHUK M. V. Strength assessment of two-
layer coating subjected to the local loading. Scientific notes. Lutsk. 2015, Nr. 50, pp. 180–184. 
ISSN 2415-3966 (in Ukrainian).  

[7] SHATSKYI, I. P., ROPYAK L. Ya. & MAKOVIICHUK M. V. Strength optimization of a 
two-layer coating for the particular local loading conditions. Strength of Materials. 2016, 
XLVIII. Nr. 5, pp. 726–730. ISSN 0039-2316. DOI: 10.1007/s11223-016-9817-5.  

[8] VLASOV, V. Z. & LEONT’EV N. N. Beams, plates, and shells on the elastic bed. Moscow: 
Fizmatgiz, 1960. (in Russian).  

[9] GRIGOLYUK, E. I. & TOLKACHEV V. M. Contact problems of plates and shells theory. 
Moscow: Mashinostroenie, 1980. 411 pp. (in Russian).  

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 2.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /CZE ()
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


