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SHOCK WAVE IN A PILE IMMERSED INTO VISCOPLASTIC MEDIUM
Abstract

The wave problem of perturbation propagation along an elastic pile interacting with the
medium is investigated using the model of viscoplastic friction. An exact solution of the problem is
obtained using the Laplace transforms for an arbitrary time of the loading period. The diagrams for
velocity and stresses have been constructed.
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1 INTRODUCTION

Analysis of energy dissipation due to the frictional interaction of deformable contacting bodies
is of great importance in the research of applied problems of the structural dynamics. In this
proceeding the nonstationary dynamics of an elastic pile with viscoplastic external resistance under
shock loading has been studied. The obtained results generalize the cases of purely dry [1-3] and
purely viscous [4] frictions and complement the papers [5, 6].

This problem can be used for modelling the dynamics of drilling equipment to eliminate the
sticking of the tool or for research the process of the immersion (pulling) of piles in building.

2 FORMULATION OF THE PROBLEM

We consider the propagation of longitudinal shock wave in immersed into the viscoplastic
medium semi-infinite elastic rod with constant cross section induced by sudden loading of the end.
The classical theory of rods dynamics has been used. The friction forces on the lateral surface are
modeled by Voigt parallel connection of Saint-Venant and Newton elements (the model of interaction
through a thin Bingham layer). We study the process of wave attenuation due to action of this
external viscoplastic resistance.

The initial-boundary-value problem is the following:

u +T_x=§f x>0, t>0; (1)
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ul(oat) — —ﬁH(t), u(oo’t) = 0’ t>0. (4)

L E
where:
u — isthe axial displacement [m],
7, — isthe shear stress [Pa],

x

X, T — are axial coordinate and time [m, s],
x=X/L, t=cT/L —are dimensionless coordinate and time,

L=F/II, F, IT — are the characteristic size, area and perimeter of cross-section [m, m?, m],

c=4E/p —is the wave velocity [m/s],

E, p- are Young’s modulus and density of the rod material [Pa, kg/m?],
2B=pI\Ep.,

[ — is the dynamic viscosity [kg/ (m?s)],

0, — Iisthe stress at the rod [Pa] and

H(t) —is a Heaviside function.

The primes and the dots denote the partial derivate with respect to the dimensionless
coordinate and to the dimensionless time respectively.

3 ANALYTICAL SOLUTION

Divining the sign of the velocity, we linearize the nonlinear problem (1)—(4) and construct the
solution using the Laplace transforms over the time coordinate. In particular, analytical expressions
for the axial displacement and its derivations are the following [3]:

utnt) _ %j'[(H K)e " I,(BVT> —x7)— K}dTH(t —X),

L
B0 _ 9ol (1 wge 1, (BNE =)=k [H ().
W _ 0 (1+ K)[e‘gx +BXI6737 Mdr}— K|H(t=X). (5)
L E 7 VTt =x?

Here:
k=(z./0,)/(2B) and
1,(z), I,(z) —are modified cylindrical Bessel functions of the first kind.

4 ANALYSIS OF THE RESULTS
We gave an example of calculations for the parameters valuesz, /o, =1, B=0.6, then
xk=0.833.

Wave pattern of nonstationary perturbation in the pile including the prefrontal zone of rest, the
area of motion and the domain of stationary residual stresses has been built (Fig. 1). The regions 4
and B are separated by the characteristic x =¢ which describes the wave front and is a line of strong
discontinuity of velocity and axial stress. The curve that separates zones B and C is found
numerically from the condition #x,#)=0 and makes a line of weak discontinuity of acceleration,
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shear stress and axial stress gradient. The solution (5) is valid in area B where the velocity is
positive. In domain C the displacement and axial stress do not change with time and have values
recorded on the line of arrest of the motion.
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Fig. 1: Wave pattern of nonstationary perturbation in the rod:
A is the prefront zone of rest, B is the area of motion, C is the domain of stationary residual
stresses; the dashed lines are the boundaries of corresponding zones for the case of dry friction [1]

The cessation of the motion is first observed at a distance L, = (L/B)In(1+ x™") from the end
of the pile.

The three-dimensional diagrams for nonstationary fields of velocity and stresses in the pile
have been constructed on the Fig. 2—4 too.

Intent analysis of results designate the sphere of correctness of solution (5) in the form of
inequality: x >1/(e—1) =0.577 . Under such condition the line of cessation of the motion does not
advance the characteristic of reflected wave and the residual shear stress is smaller than the threshold
value. It should be noted that the numerical calculations in the article [5] are executed forz, /o, =1,

B=1, k=0.5<0.577, i.e. outside of the validity of the solution in the form (5).

Fig. 2: Distributions of the velocity in the rod
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Fig. 3: Distributions of the normal stresses Fig. 4: Distributions of the shear contact stress
in the rod in the rod

5 CONCLUSIONS

In the presence of viscoplastic external resistance, the motion of rod cross-sections is similar
in nature to the motion in the presence of dry friction, and the viscosity effect is less significant.

In contrast to the case of dry friction, where the perturbed part of the pile moves as a perfectly
rigid body and the motion stops simultaneously over the entire length from the front end to the wave
front, the presence of the viscous component of the resistance is responsible for the motion of the
perturbed zone of the rod as a deformable region, and the cessation of motion in the region between
the front of the wave and the end of the rod occurs at a rate exceeding the speed of propagation of the
perturbation.
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