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Abstract 

The paper deals with some chosen aspects of stochastic sensitivity structural analysis and its 
application in the engineering practice. The main aim of the study is to provide the generalized 
stochastic perturbation technique based on classical Taylor expansion with a single random variable. 
The study is illustrated by numerical results concerning an industrial thin shell structure modeled as 
a 3-D structure. 
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 1 INTRODUCTION 
It is known that the most effective computational tool in civil engineering nowadays is the finite 

element method [1, 2], as the basis of almost all structural analysis computer codes. On the other hand, 
in modern design, sensitivity analysis cannot be avoided, since it makes it possible to determine the so-
called starting point (or design point), leading to the optimal solution. Recently, the sensitivity issues 
are discussed extensively in the literature. Background of the design sensitivity analysis is presented 
in [3], for instance. The sensitivity analysis can be carried out with respect to local design variables, 
such as cross-sectional area, element thickness, Young’s modulus, Poisson’s ratio, loading [4]. 

In accordance with developments of the computational technique, uncertainties of the design 
variables appear to be necessarily needed in the state-of-the-art methodologies in computer terms. 
Besides the traditional Monte Carlo simulation, we may mention the spectral approach [5] and, seeming 
more effective, perturbation approach [6, 7]. In the latter, all the functions of random variables are 
expanded exponentially. By using the first two probabilistic moments for random variables on input, 
the first two probabilistic moments of the structural response are obtained on output; the expectations 
are second-order accurate, while the cross-covariances are first-order accurate [8-10, 14]. 

In paper a new problem of computational mechanics is formulated for static stochastic 
sensitivity (before problem was solve separately [11] and [12]). Since both the random and design 
variables are expressed in a dicretized-parameter space, the stochastic sensitivity function can be 
modelled in a parallel way and evaluated by using a conventional deterministic finite element 
technique; and the computer procedures can be carried out in parallel for dual systems and sequentially 
for their 0th-, 1th- and 2nd-order equations. 

 2 FINITE ELEMENT FORMULATION 
 Consider structural response of the linear-elastic systems with ܰ  degrees of freedom described 

by the functional  

  Φ ൌ ,ࢎሺݍሾܩ ,ሻ࢈  ሿ         (1)࢈
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and the system equilibrium equations 

,ࢎఈఉሺܭ   ,ࢎఉሺݍ	ሻ࢈ ሻ࢈ ൌ ఈ݂ሺࢎ, ,ߙ    ሻ࢈ β ൌ 1,… ,ܰ   (2) 

where ࢎ ൌ ሼ݄ௗሽ, ݀ ൌ 1,… , ࢈ and ܦ ൌ ሼܾ௥ሽ, ݎ ൌ 1,… , ܴ, are vector of design variables and random 
variables. Some of all components in the vector h and b can coincide. Symbols ܭఈఉሺࢎ, ,ሻ࢈ ఈ݂ሺࢎ,  ሻ and࢈
,ࢎఉሺݍ  ,ሻ represent the stiffness matrix, the vectors of external loads and nodal displacements࢈
respectively. 

Since uncertainties in geometry and material properties of the system member are taken on 
account, the stiffness, load and displacement are random functions; ܭఈఉሺࢎ, ,ࢎሻ and ఈ݂ሺ࢈  ሻ are࢈
generally explicit functions of random and design variables, whereas ݍఉሺࢎ,  ሻ is implicit function of࢈
these variables. 

The random variables ܾ௥ can be defined via the first two probabilistic characteristics: 
expectations ܾ௥തതത and cross-covariances ݒ݋ܥሺܾ௥, ܾ௦ሻ as 

  ܾ௥തതത ൌ ܾ௥ሿ	ሾܧ ൌ ׬ ܾ௥
ାஶ
ିஶ  ܾ݀௥        (3)	ሺܾ௥ሻ݌

  ݒ݋ܥሺܾ௥, ܾ௦ሻ ൌ ሺܾ௥	ሾܧ െ ܾ଴
௥ሻሺܾ௦ െ ܾ଴

௦ሻሿ ൌ 

																																												ൌ ܴሺܾ௥, ܾ௦ሻඥܸܽݎሺܾ௥ሻܸܽݎሺܾ௦ሻ	      (4) 

with 

  ܴሺܾ௥, ܾ௦ሻ ൌ ∬ ܾ௥	ܾ௦
ାஶ
ିஶ ,ሺܾ௥݌	 ܾ௦ሻܾ݀௥ܾ݀௦   ݎ, s ൌ 1,… , ܴ   (5) 

ሺܾ௥ሻݎܸܽ   ൌ  ܾ௥ሿ         (6)	ሾ	ଶܧଶߙ

where ܴሺܾ௥, ܾ௦ሻ, ܸܽݎሺܾ௥, ܾ௦ሻ, ݌ሺܾ௥, ܾ௦ሻ and ߙ denote: functions of correlation, variance, joint 
probability density and the coefficient of variation, respectively. 

The functions of random variables ܭఈఉ, ఈ݂ and ݍఉ can be handled with the finite difference 
technique or by the leas square fit method, cf. [7], for instance. In this paper, a perturbation scheme 
will be employed. 

Suppose that , ఈ݂ and ݍఉ are twice differentiable with respect to ݄ௗ. Using the chain rule of 
differentiation leads to 

  Φ;ௗ ൌ Φ,ௗ ൅ Φ,ఈݍఈ
;ௗ         (7) 

where ሺሻ;ௗ is the first ordinary derivative with respect to the dth design variable, while ሺሻ,ௗ and ሺሻ,ఈ 
are the first partial derivatives with respect to the d-th design variable and α-th nodal displacement, 
respectively. 

Because Φ is an explicit function of its arguments, the components Φ,ௗ and Φ,ఈ are known. The 
derivatives ݍఈ

;ௗ must be determined, since ݍఈ are implicit with respect to ݄ௗ. Differentiating the 
equilibrium Eq. (2) with respect to ݄ௗ yields 

ఉݍ	ఈఉܭ  
;ௗ ൌ ఈ݂

,ௗ െ ఈఉܭ
,ௗ  ఉ         (8)ݍ	

To eliminate ݍఈ
;ௗ from (7), the adjoint system method is used. The adjoint vector ߣఈ may be 

defined so that the adjoint equations system takes the form 

ఉߣ	ఈఉܭ   ൌ Φ,ఈ          (9) 

that, substituted (9) into (7) and on account of (8), implies 

  Φ;ௗ ൌ Φ,ௗ ൅ ఈሺߣ ఈ݂
,ௗ െ ఈఉܭ

,ௗ  ఉሻ      (10)ݍ	

As mentioned above, the functions of random variables ܭఈఉ, ఈ݂,, 	ݍఉ,, ܭఈఉ
,ௗ , ఈ݂

,ௗ and Φ,ௗ are now 

expanded around the expectations ܾ௥തതത via the second-order perturbation, with a given small parameter 
 symbolically written as ,ߠ

  ሺ∙ሻሺࢎ, ሻ࢈ ൌ ሺ∙ሻ଴ ൅ ሺ∙ሻ;௥∆ܾ௥ߠ ൅
ଵ

ଶ
,ݎ  ଶሺ∙ሻ;௥௦∆ܾ௥∆ܾ௦ߠ s ൌ 1,… , ܴ (11) 
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in which ∆ܾ௥ denotes the perturbational increment of br with respect to ܾ଴
௥ , and ሺ∙ሻ଴, ሺ∙ሻ;௥ and ሺ∙ሻ;௥௦ 

describe the zeroth, first and mixed (second) ordinary derivatives with respect to ܾ௥. 

Substituting the expansions of ܭఈఉ, ఈ݂, Φ,ఈ, 	ݍఉ and ߣఈ into (2) and (9) and equating the 
coefficients of the parameter θ to zeroth, first and second power, we obtain 

one pair of the zero-order equations 

ఈఉܭ  
଴ ఉݍ

଴ ൌ ఈ݂
଴                    (12a) 

ఈఉܭ  
଴ ఉߣ

଴ 	ൌ Φ,ఈ
଴                     (12b) 

r pair of the first-order equations 

ఈఉܭ  
଴ ఉݍ

;௥ ൌ ఈ݂
;௥ െ ఈఉܭ

଴ ఉݍ
଴                    (13a) 

ఈఉܭ  
଴ ఉߣ

;௥ 	ൌ Φ,ఈ
;௥ െ ఈఉܭ

଴ ఉߣ
଴ ݎ      ൌ 1,… , ܴ         (13b) 

one pair of the second-order equations 

ఈఉܭ  
଴ ఉݍ

ሺଶሻ ൌ ቀ
ଵ

ଶ ఈ݂
;௥௦ െ ఈఉܭ

;௥ ఉݍ
;௦ െ ఈఉܭ

;௥௦ݍఉ
଴ቁ ,ሺܾ௥ݒ݋ܥ ܾ௦ሻ                (14a) 

ఈఉܭ  
଴ ఉߣ

ሺଶሻ ൌ ቀ
ଵ

ଶ
Φ,ఈ
;௥௦ െ ఈఉܭ

;௥ ఉߣ
;௦ െ ఈఉܭ

;௥௦ߣఉ
଴ቁ ,ሺܾ௥ݒ݋ܥ ܾ௦ሻ                (14b) 

where 

ఈݍ  
ሺଶሻ ൌ

ଵ

ଶ
ఈݍ
;௥௦ݒ݋ܥሺܾ௥, ܾ௦ሻ                   (15a) 

ఈߣ  
ሺଶሻ ൌ

ଵ

ଶ
ఈߣ
;௥௦ݒ݋ܥሺܾ௥, ܾ௦ሻ     ݎ, s ൌ 1,… , ܴ     (15b) 

Having solved for ݍఉ
଴ ఉݍ ,

;௥ and ݍఉ
ሺଶሻ in (12a), (13a) and (14a), the first two probabilistic moments 

for ݍఈ can be computed by using the expansion (11) with 1 = ߠ, i.e., 

,ࢎఈሺݍ   ሻ࢈ ൌ ఈ଴ݍ ൅ ఈݍߠ
;௥∆ܾ௥ ൅

ଵ

ଶ
ఈݍଶߠ

;௥௦∆ܾ௥∆ܾ௦  ݎ, s ൌ 1,… , ܴ         (16) 

The expectation vector for ݍఈ can then be obtained as 

ఈതതതݍ   ൌ ఈݍ+ఈ଴ݍ
ሺଶሻ                      (17) 

To compute the cross-covariance matrix, we note that, cf. (16) and (17), 

ఈݍ∆   ൌ ఈݍ െ ఈሿݍሾܧ ൌ ఈݍ
;௥∆ܾ௥ ൅

ଵ

ଶ
ఈݍ
;௥௦∆ܾ௥∆ܾ௦ െ ఈݍ

ሺଶሻ                  (18) 

with ݍఈ
ሺଶሻ being a deterministic quantity so that ݒ݋ܥ൫ݍఈ, ఉ൯ݍ ൌ  ఉ൧ can be expressed asݍ∆ఈݍ∆ൣܧ

,ఈݍ൫ݒ݋ܥ   ఉ൯ݍ ൌ ఈݍ
;௥ݍఉ

;௦ݒ݋ܥሺܾ௥, ܾ௦ሻ െ ఈݍ
ሺଶሻݍఉ

ሺଶሻ                  (19) 

It should be pointed out here that both the solutions (17) and (19) are second-order accurate, 
when compared with the ‘conventional’ ones, [6 - 8], in which only the expectation vector is second-
order accurate, while the cross-covariance matrix is first-order accurate. 

When ݍఈ଴ and ߣఈ଴  from (12) are known, the functions ݍఈ
;௥, ߣఈ

;௥, ݍఈ
ሺଶሻ and ߣఈ

ሺଶሻcan be solved by (13) 
and (14) in a sequential manner. In this way, it is possible to calculate the probability distribution of 
sensitivity. The expectations and cross-covariances of the sensitivity gradient are then written as, cf. [9] 

  EሾΦ,ௗሿ ൌ G଴,ௗ ൅
ଵ

ଶ
,ሺܾ௥ݒ݋ܥௗ;௥௦,ܩ ܾ௦ሻ ൅ ఉߣఈ଴ߣఈௗ൫ܣ

ሺଶሻ൯ ൅ 

																																							െܭఈఉ
଴,ௗݍఉ

ሺଶሻߣఈ଴ ൅ ሺܤఈௗ௥ߣఈ
;௦ ൅ ఈ଴ߣఈௗ௥௦ܥ ሻݒ݋ܥሺܾ௥, ܾ௦ሻ   (20) 

and 

ሺΦ,ௗ,Φ,௘ሻݒ݋ܥ   ൌ ሾG,ௗ;௥G,௘;௦ ൅ ሺG,ௗ;௥ܣఈ௘ ൅ G,௘;௥ܣఈௗሻߣఈ
;௦+ 

																																									൅ሺG,ௗ;௥ܤఈ௘௦ ൅ G,௘;௥ܤఈௗ௦ሻߣఈ଴ ൅ ఉܣఈௗܣ
௘ߣఈ

;௥ߣఉ
;௦+ 

																																									൅൫ܣఈௗܤఉ
௘௥ ൅ ఉܣ

௘ܤఈௗ௥൯ߣఈ
;௦ߣఉ

଴ ൅ ఉܤఈௗ௥ܤ
௘௦ߣఈ଴ߣఉ

଴ሿ	ݒ݋ܥሺܾ௥, ܾ௦ሻ  (21) 
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where 

ఈௗܣ   				ൌ ఈ݂
଴,ௗ െ ఈఉܭ

଴,ௗݍఉ
଴                    (22a) 

ఈௗ௥ܤ   		ൌ ఈ݂
,ௗ;௥ െ ఈఉܭ

଴,ௗݍఉ
;௥ െ ఈఉܭ

,ௗ;௥ݍఉ
଴                   (22b) 

ఈௗ௥௦ܥ   ൌ
ଵ

ଶ ఈ݂
,ௗ;௥௦ െ ఈఉܭ

,ௗ;௥ݍఉ
;௦ െ

ଵ

ଶ
ఈఉܭ
,ௗ;௥௦ݍఉ

଴                  (22c) 

with ݀, ݁ ൌ 1,… , ,ݎ ,ܦ s ൌ 1,… , ,ߙ ;ܴ β ൌ 1,… ,ܰ. Also, the cross-covariance matrix (21) is obtained 
with the second-order accuracy, and not the first-order one as in [8, 9]. 

 3 NUMERICAL RESULTS 
This example (similar [11, 12]) the response of a thin shell structure is considered. Fig. 1 shows 

the half of a cylindrical shell clamped at boundaries under uniformly distributed ݌ ൌ 100	݇ܰ/݉ଶ 
pressure (applied normal to shell surface). The remaining input data are: radius ܴ ൌ 2,5	݉, length 
ܮ ൌ 12	݉, Young modulus Eൌ Poisson ratio υൌ ,ܽܲܯ	30 0,2. The expectation, correlation function 
and coefficient of variation of the shell thickness is assumed as: 

ሻݐሺܧ ൌ ଴ݐ ൌ 0,06 ܴሺݐ௥, ௦ሻݐ ൌ ௥ݔሾሺ	ݏሼെܾܽ	exp	ߴ െ ௥ݕ଴ሻሺݔ െ ߙ ሽߣ/଴ሻሿݕ ൌ 0,05; 0,10; 0,15. 

where: ߴ ൌ ߣ ܮܴ/1,5 ൌ  ܮ2,5ܴ

The example was solved with the help of the program POLSAP [13]. Input data to example shows in 
Fig. 2. 

 
Fig. 1:  Cylindrical shell with mesh grid 

 

Due to symmetry only one-quarter of the shell is considered. The finite element mesh include 
60 rectangular elements (60 random design variables), and the total number of degrees of freedom 
is 313. Tab. 1 and Fig. 3, Fig. 4 gives the computed values of the expectations and standard deviations 
of the sensitivity coefficient. The response functional is defined and considered at the mid-point 
(node 77) of the shell. 
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Fig. 2:  Listing input data to program POLSAP 

 

Cylindrical shell quarter: R=2.5m, L/2=6m 
   77    1    1        12    0         0              1 
    1C   1    1    1    1    1    1      2.5     0.0     90.0 
   71C   1    1    1    1    1    1      2.5     6.0     90.0   7 
    2C   1    1    1    1    1    1      2.5     0.0     75.0 
    9C   0    0    0    0    0    0      2.5     1.0     75.0 
   72C   0    1    0    1    0    1      2.5     6.0     75.0   7 
    3C   1    1    1    1    1    1      2.5     0.0     60.0 
   10C   0    0    0    0    0    0      2.5     1.0     60.0 
   73C   0    1    0    1    0    1      2.5     6.0     60.0   7 
    4C   1    1    1    1    1    1      2.5     0.0     45.0 
   11C   0    0    0    0    0    0      2.5     1.0     45.0 
   74C   0    1    0    1    0    1      2.5     6.0     45.0   7 
    5C   1    1    1    1    1    1      2.5     0.0     30.0 
   12C   0    0    0    0    0    0      2.5     1.0     30.0 
   75C   0    1    0    1    0    1      2.5     6.0     30.0   7 
    6C   1    1    1    1    1    1      2.5     0.0     15.0 
   13C   0    0    0    0    0    0      2.5     1.0     15.0 
   76C   0    1    0    1    0    1      2.5     6.0     15.0   7 
    7C   1    1    1    1    1    1      2.5     0.0      0.0 
   14C   1    0    0    0    1    1      2.5     1.0      0.0 
   77C   1    1    0    1    1    1      2.5     6.0      0.0   7 
    6   60    1                   1    1 
         1 
 3.1250d+7 6.2500d+6       0.0 3.1250d+7       0.0 1.2500d+6 
        1. 
 
    1    1    2    9    8         1    7      0.06      -100 
   11    2    3   10    9         1    7      0.06      -100 
   21    3    4   11   10         1    7      0.06      -100 
   31    4    5   12   11         1    7      0.06      -100 
   41    5    6   13   12         1    7      0.06      -100 
   51    6    7   14   13         1    7      0.06      -100 
   60   69   70   77   76         1           0.06      -100 
 
   77    1       0.0       0.0      0.10 
 
        1. 
    1    1    0    0 
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Fig. 3:  Expectations of displacement sensitivity (node 77) - shell thicknesses as random variables 

 

 
Fig. 4:  Standard deviations of displacement sensitivity (node 77) - shell thicknesses as random 
variables 
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  Expectation Std. Dev. 

El. Deterministic ߙ ൌ ߙ 0,05 ൌ ߙ 0,10 ൌ ߙ 0,15 ൌ ߙ 0,05 ൌ ߙ 0,10 ൌ 0,15 

51 5,11E-03 5,15E-03 5,24E-03 5,40E-03 4,91E-04 9,81E-04 1,47E-03 

52 -1,68E-04 -1,69E-04 -1,70E-04 -1,73E-04 8,31E-05 1,66E-04 2,49E-04 

53 8,43E-04 8,49E-04 8,68E-04 8,99E-04 1,03E-04 2,06E-04 3,09E-04 

54 2,56E-03 2,57E-03 2,62E-03 2,70E-03 2,31E-04 4,63E-04 6,94E-04 

55 3,80E-03 3,82E-03 3,89E-03 4,01E-03 3,44E-04 6,89E-04 1,03E-03 

56 5,18E-03 5,21E-03 5,31E-03 5,47E-03 4,71E-04 9,41E-04 1,41E-03 

57 7,26E-03 7,30E-03 7,44E-03 7,68E-03 6,73E-04 1,35E-03 2,02E-03 

58 1,57E-02 1,58E-02 1,61E-02 1,66E-02 1,45E-03 2,91E-03 4,36E-03 

59 4,72E-03 4,75E-03 4,83E-03 4,98E-03 5,27E-04 1,05E-03 1,58E-03 

60 -9,42E-02 -9,48E-02 -9,68E-02 -1,00E-01 9,13E-03 1,83E-02 2,74E-02 

Tab. 1:  Displacement design sensitivity - shell thickness as random design variables 
(only selected elements nearest for node 77), [1/m2] 

 

 4 CONCLUSIONS 
We observe that some sensitivity values obtained here are negative. In general cases, in the static 

response of simple structures, the more massive system is, the lesser displacement is obtained. In this 
case, the displacement response is more complicated at places of the corner part, resulting in those 
negative values of sensitivity. This means that to decrease the displacement at the considered point 77, 
decreasing thickness of shell’s elements in appropriate domains should be required in an alternative 
design point. The standard deviations of displacement sensitivity with respect to the shell thicknesses 
is about 10–30% of the expectations, Fig. 4. Comparing the stochastic and deterministic results, it can 
be concluded that they differ by no more than 3%, Tab. 1. 

 In paper ignores the discussion of the analysis of slenderness cylindrical shell in connection 
with stability and buckling. This can be realized in the future. 
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