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Abstract. A numerical parametric study of the crack 
propagation under various level of mixed-mode conditions 
is evaluated. By focusing of the Linear Elastic Fracture 
Mechanics, the model with concrete input data of Brazilian 
Disc Test with a central notch is considered and its 
analysis with defined radius R, force P and material 
properties is performed. The results are obtained by 
varying the length an of the central notch and its angle of 
inclination α with respect to the horizontal axis. The crack 
growth direction is estimated through three different 
criteria: the maximum tangential stress criterion, the 
strain energy density criterion and the crack tip 
displacement criterion. This study involves the classical 
single-parameter fracture mechanics concept, in which the 
stress distribution in a cracked specimen is described by 
the stress intensity factors. The Williams solution of the 
crack-tip stress and displacement fields are taken into 
account. As a comparison, the solution is also provided 
with J-Integral. The model is created with the finite 
element method software ANSYS. Lastly, the suggested 
crack paths obtained by criteria are compared with 
experimental data. 
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1. Introduction 
In general, structures are usually loaded by various types 
of loading (gravity load, temperature loads etc.), which 

leads into complex structural behaviour. This means that 
instead of a uniaxial load, structures are subjected to mixed 
mode I/II loading conditions. As a consequence, detailed 
and precise knowledge of the material and of its properties 
is fundamental, in order to achieve an advanced structural 
analysis. 

 The tests generally performed in order to obtain the 
fracture mechanical parameters of cementitious material 
are done on prismatic beams or cubes, characterized by a 
rectangular cross-section specimen, usually with the notch. 
Examples of such tests are the three-point bending test 
(3PBT) [1] and the four-point bending test (4PBT) [1], the 
eccentric asymmetric four-point bending specimen for 
mixed load (EA4PBT) [3], the wedge splitting test (WST) 
[4]-[6] and WST wit biaxial loading [7], the combination 
WST/3PBT [8], and a modified compact tension test 
(MCT) with circular [8], [9] or rectangular [10] cross 
section. 

 On the contrary, in this research a Brazilian disc 
specimen with a central notch (BDCN) used for fracture 
mechanical test has been analysed [11]-[13]. This is due to 
the fact that the BDCN specimen is made directly from the 
core-drill sample obtained from the investigation structure 
prior to renovation. That demonstrates its efficiency as a 
test and that the expensive process of the reshaping of the 
specimen is avoided. 

The BDCN specimen is used in a fracture mechanical test 
that delivers parameters related to fracture mechanical 
behaviour of the cementitious material under uniaxial 
modes I, II and mixed-mode I/II loading. The experimental 
conditions, in which the test is performed are quite simple. 
It requires only a testing press with sufficient load capacity 
and some disposal container for cracked specimens. 
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Fig. 1: Sketch of Brazilian disc test with a central notch and 
boundary/loading conditions. 

 The aim of this contribution is analysed crack initiation 
and propagation direction by using various well-known 
criteria [14] (see next section) in Brazilian disk with 
initiation notch. The initiation notch is under various 
angles of inclination α with respect to the horizontal axis, 
see Fig. 1. The theoretical path calculated by various 
criteria is compared with the experimental one [15],[16]. 

2. Theoretical Background 

This contribution is based on a linear elastic fracture 
mechanics. The linear elastic fracture mechanics concept 
uses the stress field in the close vicinity of the crack tip 
described by Williams expansion [17]. This expansion is 
an infinite power series originally derived for a 
homogenous elastic isotropic cracked body, which can be 
described by a following equation: 

 𝜎௜,௝ = ௄಺√ଶగ௥ 𝑓௜,௝ூ ሺ𝜃ሻ + ௄಺಺√ଶగ௥ 𝑓௜,௝ூூሺ𝜃ሻ + 𝑇 + 𝑂௜,௝ሺ𝑟,𝜃ሻ,  (1) 

where σij represents the stress tensor components, KI, KII 
are the stress intensity factors (SIF) for mode I and 
respectively mode II, 𝑓௜,௝ூ ሺ𝜃ሻ,𝑓௜,௝ூூሺ𝜃ሻ, are known shape 
functions for mode I and mode II usually written as YI and 
YII, T (or T-stress) represents the second independent term 
on r, Oij represents higher order terms and r, θ are the polar 
coordinates (with origin at the crack tip; crack faces lie 
along the x-axis)[18]. 

 There are several criteria, which predicts onset of 
fracture under mixed mode I/II. In this contribution, a 
single parameter fracture criterions are used to calculate 
crack initiation angle θ0. For this, only K – factors are used 
in angle θ0 prediction. In total, three selected criteria are 
compared [14]. 

 The first one is the maximum tangential stress (MTS) 
criterion proposed by Erdogan and Sih [19], which can be 
expressed in the following form: 

  డఙഇഇడఏ |ఏୀఏబ = 0,   డమఙഇഇడమఏ < 0. (2) 

 Conventional MTS criterion uses only first terms 
(singular terms KI, KII are considered) in the series for σθθ. 

According to the first hypothesis of the MTS criterion, the 
angle of maximum tangential stress θ0 is determined from 
Eq. (3) in following form: 

  ሾ𝐾ூ𝑠𝑖𝑛𝜃଴ + 𝐾ூூ(3𝑐𝑜𝑠𝜃଴ − 1)ሿ = 0 (3) 

that leads to: 

  𝜃଴ = 2 tanିଵ ିଶ௄಺಺௄಺ାට௄಺మା଼௄಺಺మ . (4) 

 The second criterion to predict onset of fracture was 
strain energy criterion (SED), which assumes the onset on 
fracture in the direction of the minimum strain energy 
density criterion, as postulated by Sih [20]. This condition 
can be written as shown in Eq. 5. 

  డௌడఏ = 0,   డమௌడఏమ > 0, (5) 

where S is strain density function and it is defined as 
follows 
  𝑆 = ଵଶఓ ቂ௞ାଵ଼ (𝜎௥௥ + 𝜎ఏఏ)ଶ − 𝜎௥௥𝜎ఏఏ + 𝜎௥ఏଶ ቃ, (6) 

where σij are the stress tensor components in polar 
coordinates system, μ is the shear modulus and κ is 
constant postulated by Kolosov. After operations on the 
equation (5), the crack initiation angle for SED criterion 
can be expressed as: 

  𝜃଴ = − tanିଵ ଶ௄಺௄಺಺௄಺మା௄಺಺మ  . (7) 

 In his research, Li defined [21], the vector crack tip 
displacement (CTD) criterion, which relies on the concept 
of the vector crack tip displacement. Crack tip 
displacement vector is the driving force for the crack 
growth of fatigue phenomenon. Considering the crack tip 
opening displacement vector δI, produced by Mode I 
loading, and the crack tip shear displacement vector δII 
produced by Mode II loading, the vector summation 
constitutes the CTD vector. Therefore, the crack 
propagates in the direction of the abovementioned vector, 
which can be calculated as illustrated in the Eq. 8. 

 
  𝜃଴ = tanିଵ ఋ಺಺ఋ಺ . (8) 

 

 
Fig. 2: An illustration of the calculated crack initiation angle θ0 

orientation. 
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3. Numerical Model 

A numerical simulation was performed in the finite 
element (FE) software Ansys 17.2 [22] to derive 
dimensionless geometrical functions for mixed mode of 
SIFs and to calculate T-stress. A two-dimensional (2D) 
numerical model with a plane strain boundary condition 
was used to calculate SIFs (KI and KII). The numerical 
model was meshed with an 8-node quadratic element (type 
PLANE183) taken from ANSYS elements library and the 
meshing command KSCON was used to consider the crack 
tip singularity. Fig. 3(a) indicates the mesh pattern of the 
BDCN specimen while the refined mesh pattern around the 
specimen crack tip is shown in Fig 3(b). 

 Input material properties of used in FE analysis were 
following the Young’s modulus and Poisson’s ratio,             
E = 40 GPa and ν = 0.2, respectively. Model of BDCN had 
radius R = 75 mm and the relative crack length a/R was 
0.4. The numerical model was loaded with constant overall 
force P = 100 N in all cases.  

 
(a) 

 
(b) 

Fig. 3: Numerical model with boundary conditions (the 1st node from 
crack tip is in distance of ¼ element length due to application of 
KSCON command) (a) and detail on crack tip (b). 

The numerical study was performed with a loading applied 
at the top edge of the BDCN, while the bottom edge was 
considered a rigid support. Adequate boundary conditions 
were added to prevent rigid body translations i.e. 
horizontal displacement uy = 0 (See Fig. 3(a)). 

The FE software ANSYS uses an interaction integral to 
calculate SIFs, which is defined as:  

 𝐼 =  ଶா∗ (𝐾ଵ𝐾ଵ௔௨௫ + 𝐾ଶ𝐾ଶ௔௨௫) + ଵఓ 𝐾ଷ𝐾ଷ௔௨௫,  (9) 

where Ki is the stress intensity factor for mode I, II and III, 𝐾ଵ௔௨௫ is the auxiliary stress intensity factor for mode I, II 
and III, E* is the Young’s modulus for plane strain           
E/(1-ν2), ν is the Poisson’s ratio and μ is the shear 
modulus. For a 2D problem the SIF for mode II K3 is 0. 
The interaction integral is implemented in command CINT 
(contour integral). The used SIFs and T-stress values are 
calculated as an average value of five contours defined in 
CINT command. 

4.  Numerical results 

To produce a numerical crack pattern a loop was used, in 
which a SIFs were calculated for each step and crack 
initiation angle θ0 was calculated. Then the geometry and 
mesh deletion in each step of the loop is used, i.e. the crack 
initiation angle θ0 is calculated in step i for specific 
geometry and then the new geometry in step i+1 is created. 
The crack growth uses a constant increment of r = 1 mm. 
The loop is terminated, when the crack reaches the edge of 
the Brazilian disc. The crack increment follows conditions 
as it is illustrated in Fig. 2.  

 The generated numerical crack shape shows relatively 
good agreement with experimentally obtained crack in 
BDCN specimen published in [23]. The examples of crack 
patterns for the α = 15° and a/R = 0.4 are presented in Fig. 
4 for CTD criterion, in Fig. 5 for MTS criterion and in Fig. 
6 for SED criterion, while the actual crack pattern from the 
experiment mentioned in [23] is presented in    Fig. 7. 

 
Fig. 4: BDCN specimen: CTD criterion crack pattern for α = 15°. 
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Fig. 5: BDCN specimen: MTS criterion crack pattern for α = 15°. 

 

Fig. 6: BDCN specimen: SED criterion crack pattern for α = 15°. 

 

Fig. 7: Actual experimental BDCN test pattern for α = 15°, see [23]. 

 From numerical results presented in Figs. 4-6 it can be 
noticed, that the criteria CTD and SED predicts the crack 
path in the BDCN specimen in good agreement compared 
to actual crack pattern propagated in disc’s radius. The 

MTS criterion predicts the crack pattern in the disc’s radius 
up to crack length a/R = 0.6, then the crack starts to kink. 
This is caused by the sensitivity of MTS criterion for    
high-stress concentrations in front of the crack tip, from 
which the SIF are calculated. 

5. Conclusion 

In this contribution, three various fracture criteria for 
prediction of a crack propagation path were applied for 
crack path in the BDCN specimen. The predicted paths 
were compared with the experimental one. The following 
conclusion can be drawn: 

• The SED and CTD criteria predicted the crack 
paths in relatively good agreement with 
experiment one. 

• The MTS criterion provides relatively good 
results only for short crack lenghts. 

• This should be taken into account in an 
assessment of such criteria in different 
geometries. 
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