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Abstract. Travelling mass due to its mass inertia has
significant effect on the dynamic response of the
bridges. This study is devoted to the study of the
dynamic response the real steel railway bridge of the
length Ly, = 38 m for the single locomotive bogie mass
load My, = 44 t (Skoda 350) passing over the bridge
with the speed v=65 m/s. The iteration method of the
governing partial differential  equation of the
transverse motion of the bridge structure w(x,t) has
been applied. The modal superposition method for the
vertical bridge deflection w(x,t) considering the first
mode j=1 was used.
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1. Introduction

Investigating of railway bridges traversed by moving
vehicles is one of the important concerns for the
structural engineers in the design of highway and
railway bridges. By introducing the inertial effects of
the moving loads into the problem formulation, more
realistic results would be gained especially for loads
with relative large weights travelling at high speed.

When creating a computational model for a moving
load-bridge, there is important the ratio of the bridge
weight m;, and the weight of moving vehicle M, and the
speed ¢ of the moving load. With regard to this aspect
we say about the load models:

- moving load models, Fig. 1a,

- moving mass un-sprung and sprung models,
Fig. 1b,

- a complex dynamic interaction model for the
vehicle, Fig. lc.

--------------------------------
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Fig. 1: Schematic representation of load models for the dynamic
response of bridges.

For the load by a real train composed of several
cars, or a characteristic vehicle there are applied
different geometrical intervals for the set of loads, as is
shown in Fig. 2.
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Fig. 2: Characteristic load of railway bridges — loading by IC cars
and towing locomotive.

The basic role of the dynamic response of a bridge
results from the analysis of a characteristic load
concentrated at the bogie position of the locomotive.
As a plain model is considered in the analysis the
rolling of vehicles are neglected.

This study is devoted to the study of the dynamic
response the real railway middle span bridge of the
length L, = 38 m for the single load M, = 44 kN
moving the speed ¢ = 65 m/s =234 km/h, Fig, 3. For
the presented example the ratio of the moving mass and
the beam mass my, is Mrpe/ mp = 0,36.

© 2019 TRANSACTIONS OF VSB - TECHNICAL UNIVERSITY OF OSTRAVA CIVIL ENGINEERING SERIES 39



SECTION BUILDING STRUCTURES & STRUCTURAL MECHANICS

VOLUME: 19 | NUMBER: 2 | 2019 | DECEMBER

M= mc,/2 c
4 N /M— Mear/2
L i — x m, El
Vv 4
wikt) e * w(p,t) wix.t)

Ly

Fig. 3: Single mass M moving on the bridge.

2.  Dynamic Equilibrium Equation
and Solution

The main difficulty to deal with moving mass problems
is that the unknown displacement w(x,f) in the
differential equation appears on the both sides of Eq.
(D.
2
d W(x,t)+EId w(x,t)
ar’ ax*

m, =M (g =iy, (x,1))- S(x—ct)
where:

m, [t] is the mass per unit length of the bridge,

EI [KNm?] is the bending stiffness of the bridge,
6(x—ct) is the Dirac function (a generalized function
expresses the concentrated load acting at point
p=x-—ct,

W, (x,1) is the vertical acceleration of the beam.

The force effect on the right hand side of Eq. (1) is
acting in a moving coordinate p=ct, that is the

instantaneous spatial location of the moving mass, can
be expressed as

AW (ps1) _ Iw) 5 W) Iw(xt) | > 9 wn) 2)
dr? or? otox ox?

The second and third term in Eq. (2) which are related
to the Coriolis force and the centrifugal force are
usually omitted on the dynamic response without
affecting the accuracy of solution. Then the vertical

component I"W(X.1) s considered and the problem is
ot’
represented by the simplified equation

dZW(x,t)+ d*w(x,t) [G M(a W(x [) Jé‘(x—ct) 3)
dr’ dx* '

mn,

A convenient rigorous solution for the problem has
not been found. Commercial finite element solvers
applied to the moving mass are also questionable.
Therefore an iterative approach was applied. Equation
(3) for an iteration approach can be rewriting as

. A2 (x,t) ik d4 (k)apx (x,t) _

: e px; FO" (). 5(x—ct). 4)

The interaction force (the contact force) is
FY™ (6= M (g =" (p.0)-8(p—ct) )

The interaction force (the contact force) in Eq. (5) is

the superposition of the gravity force G=mg and the
inertia force M - (p,t) due to acceleration of the

mass M.

The modal superposition method for the vertical
bridge deflection w(x,#) considering the first mode j=1
was applied:

W(l)(x,t):q(l)(t);/ﬁ(l)(x) (6)

Then, the interaction force Eq. (5) can be expressed by
mean the modal coordinate g, (r)as

Fit (0= G =Ml (p,0) = G=M - (0)-sin € .
()

The modal equation corresponding Eq. (1) and Eq. (7)
after manipulations [3] can be written as [2,3,5]

Fiein () 6,(x) 8
q((lk))apx( )+a)2 (k)ap’(( ) (U(GL:V/) 1) ( )

m, I ¢(21) (x)dx

The modal equation (8) in practical solution is applied
for the fundamental mode of vibration j=1 and for the
mass force (7) it may be written as

q((lk))apx( ) q((lk))ap\f (t) — 2F§§ZaGP+YM)(t) sin Q(l(di (9)
mL,
or by means the modal coordinate Eq. (7) has the form
G (04000 (0= 2S00 = 5 05000
(10)
Eq. (10) is the nonlinear equation and the rigorous
solution has not been found. Equation (10) is valid
because it is assumed that the contact of mass M and
the beam is always maintained, i.e. the acceleration of
the beam 1, (p,¢)and the acceleration of the mass

W (p,) are the same:

WP (p, ) =i (p=ct, 1) (11)

Then, the interaction force can be considered as the
superposition of effects of the gravitation force and the
inertia force:

FO® ()= FS™ (0)+ F)™ (6) = G+ Fi)™ (1) -
12)
The modal Eq. (10), for the known interaction force
FY*"(¢), can be solved in the time domain by the

convolution integral and the modal coordinate
g, (t) considering the /* mode of vibration is

L 9 fF)aps 0)

a)(l) 0

q(k)apx (t) _

W sinQ,,,.(7) |sina@,,(t—7)d7

(13)

mL,
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3. Iteration Solution of Interaction
Forces and Displacements

e Inputs parameters for the numerical example:
Gpg =440 kN, c= 65 m/s =234 km/h, L,= 38 m.

e Bridge structure
- the bending stiffness E7 = 7.58-107 kNm?,

- the beam mass m, = M) + Mgy = 3180 kg/m,
- the first circular frequency @), = 33.34s7",

- the driving frequency Q

(ydr —

2~ 5371118,
Lb
- the dimensionless speed factor

Q.
=—0% =0.1611-
@y
The numeric solution is processed with [6].

Xy

3.1 First Interaction (k=1)

This load state corresponds to the simple moving force
G, over the bridge, Fig. 4.

Ly

C
a G 1 > « my, El
p | b
|
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| op=ct \w(x.p=ct) !
i > |

Fig. 4: Load model for the first iteration.

1) Interaction force due to the gravity force

The first interaction force acting on the beam at any
distance p = ¢t , Fig. 4, is expressed from (3) without

the inertial effect of the mass M (1,,) 8
Fl (p,t)ZGLbg =440kN .

(Gig)

(14

2) Modal displacement due to gravity force

The general modal equation for q(‘f‘)PZ‘G
(N1,

)(t)due to the
single gravitation forceG, , resulting from the
bg

differential equation Eq. (10), is the known modal
equation due to moving force [2, 5]:

;ylapx apx 2GL,,, .
q(l{f‘GLm O+ a{l)q(llf(GL,,‘, ()= =sin€ ¢ (15)
’ ) mL,
The analytical solution Eq. (15) [1, 4] is:
_ a2 (16)

lapx . _ .
A, ()= o (51“9(1>d,-’ o, sin a)“)t)
Q)

The modal displacement from Eq. (16) can be
expressed by superposition of components:

(7

lapx — lapx lapx
At (1) = 456,05 (1) + AN 0 (1)
The mid-point beam displacement W(‘;‘)I("G )
Lbg

identical with the modal displacement g'ax  (7):
(.G,

(L, /2,t)1s

! 7L
Lapx _ lapx w b _  lapx
Wik, (Ly 1 2,8) =dqiye, () sin o7 - Qo (1)
b

(18)

Numerical results of the dynamic deflection at the
midpoint of the bridge are presented in Fig. 5 + Fig. 7.

3) Mid-point modal displacement ;' ()

[OX(E™

e  Components of the modal displacement,

Fig. S.
‘oUo.‘z‘ - \3\/04 N

002 |-

oo [

0006 |

H . - x= — lapx lapx

Fig. 5: Axes: x=t [s], y= Components q(l)[,(G,_,w)st (Z)’q(l)[,(GL,,g)dyn @)

: - Al _ ~lapx —
Amplitudes: q(llng,_,,g)st (#)=0,0068m q(l)’f(Gng)dyn (#)=0,0011m

Alapx
The ratio of amplitudes: ‘I(l)[,y(um)dyn 0] _0.0011 _ .16 %
(}(lf’)‘ff%gm(t) 0.0067
lapx ]
e Total modal component q(l“f(Gth)(;), Fig. 6.
‘ ‘ ‘ ‘ ‘ /
01 02 03 04 05

om2 |-

o0m |-

0ms -

000 -

Fig. 6: Axes: x=1[s], y= q(lla)prL,
.(Grig
Alapx

4y, (1) =0.0076m

N ) [m], Amplitude:

. . lapr
e Dynamic coefficient §dyf ,

Fig. 7.
In practice the dynamic coefficient is defined as the
ratio of the maximum dynamic deflection to the static

deflection at mid-span of a bridge. For (k=1) it is:

lapx
s — 2046 Dy

dyn ~lapx

01),(Gppe st ®

(19)
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o w 03 o s/ The gravitation force F(é“l’x)( p,t) for the bogie position
Lbg
. p =ct is given from input parameters as
2apx
F(Gl‘l’ (p,1)= G(ng) =440kN (22)
—004

6) Interaction force component due to the mass

-0006 /\ load M(Lh )= 44¢

The interaction force due to mass M, =44t can be
bg

-0008

Fig. 7: Axes: x=t [s], y= Dynamic coefficient formulated direct from Eq. (10):

2apx .ot —
e G0N O _ 0.0076 _ Eat (D ==M G, a1, O SINQy  =
dn = " Alapx =1
q » L@ 0.0067 _ (e o o
DG —EMU@(_Q(ZM (sin€ ), 1) +9 @, -sinay ¢ stmdrt)
4) Beam displacement (lflféf, )( p,t) under the (23)
moving coordinate p=c: and the modal The force component Fm (pa) contains two parts
displacement (11“)1(’(*3 (L, /2,0) corresponding to the modal acceleration
‘IESITMW() q(llfl)ﬁ(*G )(t) from the first iteration of the

The beam displacement 4!~ (.0 under the moving

Gy, mass M, | =441 and it can be express by the
bg

force F(glpx) (p,t) is also defined by the modal coordinate

superposition:
Lapx d the result is in Fig. 8.
q ,(r)an g 2 1 +2apx 22
(DG ) 1 (}\Z),X)(pat)_ FZNpr, )st(pat)+ EA/?ZZ)dyn(pat)
apx apx . .
Wity G (P>1) = iy, () ST 0 (20) (24)
The modal displacement - =W (L /2.piS Numerical results of the dynamic force and its
4i1y(6) (D) = WG, (L 1 2,0) ‘ - f
K from Ea. (16). Fic. 6 ‘ components at the midpoint of the bridge are processed
nown from Eq. (16), Fig. 6. with [6] and presented are in Fig. 9 + Fig. 11.
T T T e T T T T T s i ¢ Quasi-static force component lp(i;“”)st(p,t)
3 1::lapx
due acceleration ' i Gt )
0002 -
This component results direct from Eq. (23), Fig. 9:
0004
I or q(])(G,hg)st( /2)
b 'F, (j/lf,g)st(pat) M(L,L)l_— (1)dr (San(l)dz )
I Ay
0006 |- (25)
0
Fig. 8: Axes: x=1¢[s], y W(ll“;éL )( p,t) [m] — the brick red color, 407
408 (1) = Wik, (L, 2,0 ™ the Plue color, 0|
: )
3.2 Second Interaction (k=2) i
o}
This load state corresponds to the moving force i ‘ ‘ ‘ ‘ :
2apx 1
EGoy sty (P51) due to load(Gth +M, ) (Fig. 3), can 00 01 02 03 04 05
be solved by the superposition with the static contact Fig. 9: Axes: x=1[s], y= 'F] 2“’” " (¢) [kN], IF(Z;,"j‘ (D) =8,6kN -

force FZapr)( )= Gth and the time-dependent

3 2 Zap‘c
dynamic force | (Mng) * (p,t)is * Dynamic force component* F 7 Yy (p,t)

lapx
Ezcii;Mng)(p’t) G, +E§4ﬁx)(l7»t)‘ Q1) due acceleration qm (Guag)dim (®)
5) Interaction force component due to the This component results direct from Eq. (23), Fig. 10:

gravity force G,
bg
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2 2apx 2 elapx .
Fityyam (P =) = [ (L) q1f<cm)m(f)‘smguw}= (26)

q(l)(oL,g)s(( /2)
=—M(Lhy)71 e Q“)dra)(” (smwmt st“W )
(O]
4
20

: V\/

Fig. 10: Axes: x=¢[s], y= ZFEIZ\;f:)dW p=ct) [kN],

’F, (ijff dm(p ct) =52kN -
. . 2apx
e Total inertial force effect F(beg)( p,t) due
to the mass M, =44t

Superposition from Eq. 24 one obtains the total inertial
effect FoP (p.t) and its components:

1 2apx
e Components F(M%m( p,1)and

ZF;lzl;iiX)dyn(p’t) of the inertial force

F(f;‘:;)(p,l)’ Fig. 11.

-2

40 +

— — 1 2apx 2 7 2apx
Fig. 11: Axes: x= 1[5} y= '3 (p,0), "™, (po1)

[kN],Amplitudes: ‘1:“(%’:;)51 (p,t)=8.6kN »
22 (1) = 52N -

(M g )dyn

From Fig. 11 can see the dominant effect generates the

2 r2apx
dynamic component FMZ yam (D5 1) -

o Total inertial force F(i;l;t (1) Fig. 12.

xhERVARY/

Fig. 12: Axes: x= ¢ [s], y= Total force Ei;‘l”‘ )(t) [kN], Amplitudes
Ly

2 (1) = 60,5 kN.

(M ppy

7) Total modal displacement due to load
(Gng +M ng)

The influence of the interaction force of the locomotive
bogie load F~ ,(p,t)yon the dynamic bridge

(Gppg+Mpp,

deflection is evaluated though the modal displacement
2apx .
q(l)(Gng, +MLbé)(t) :

2apx _ __ _2apx Lo
WGy M) (P = €1 P) = 415G, o, (1) ST 1 -

27
The total modal displacement q(zl‘;féLh’JrMLh ,(#) can be
expressed by the convolution integral:

t 2apx
Zapx (t) - 2F (p7 t)

90 sin€, .7 |-sin@, (1 —7)dt
o

my Ly,

(28)
This displacement is again advantageously to evaluate

through  modal  components ‘](21‘;7@ () and
Lbg

aun ,(@)belong effects G, and M, by the

superposition as
2apx

2apx 2apx
403Gy M) () = 403610 O F 0 (1) (29)

Results of solution of modal displacements due to the
load (G, +M, )are shown in Figs. 13+17.

e  Modal displacement ‘](21‘;7@ )(t) due to the
gravity force
o 2apx :
The modal displacement ‘I(lﬁ Gth)(t) is expressed from
Eq. (25) as
16 2 Fah(p)
25 () = — " "sinQ,, . 7 |-sinw, (t-7)dr=
901)(Grpy) @) w(])_([ mL, sin (e | S (1)( )

1 2 i

= amq%) { sinQ,,, 7 sin@, (t-7)dr
(30)
For [}21“172 LLGL =0.2148 the modal
(D(Grpg) a)(l) mlLb (Lyg)
. 2 . -
displacement qon G(LW(;) is presented in Fig. 13.
‘ ‘ ‘ ‘ ]
01 02 03 04 05
0002 |
0004 T
0006 T

Fig. 13: Axes: x= ¢ [s], y—q(zl‘)”J(‘G )([)[ ], Amplitudes:
cj(zl‘;’f‘c )(t)=0.0076m
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e  Modal displacement q(21%4 /

inertial mass effect )/ Uy = 44¢

,(2) due to the

This displacement can be also expressed by the

convolution integral (the analogous practice as in the

Section (3.2.3)), but now for the interaction inertial
2apx 1 - 2apx .

force F( thg)(t) due to the acceleration W ng)( pit):

{2 Fain @) €1))

sin Q“)m_‘r} -sina,,(t—7)dt
mby,

1
2apx
‘Z(ll,(.thg)(t)
Dy o

The loading force component Ej;fb: NO) in Eq. (31) is

the inertial force, which is the function of acceleration
NG from the first iteration:

2apx _ --lapx
F(Mm)(t) = _M<ng>q<1>,<0m>(t)

«+lapx
90116y

(32)

The acceleration force component in Eq. (32) can be
divided into parts:

--lapx

_ l--lapx 2 «-lapx
G136 ) ) = 1xG 0 (O +

Gii6u0an ) (33

Such superposition gives a quasi- static modal
displacement ‘q(zlf;ﬁfmhgm(t) and a dynamic modal
1 2 2apx .
displacement *¢ (M o ®:

lapx _ 1 _lapx 2 _lapx
I O RS () R’ i S ()R €D

8 uasi-static component! 2
) Q P )M pp)st

(r) of the
modal displacement

The component !~
(1),(M g )st

is expressed by the convolution integral and is
presented in Fig. 14.

(¢) of the modal displacement

For
Lage 12 QG L 1 2) QO —0.0043
WM ppst = (Lye) P )
@Oy ML, 1-a,

t

1 _2apx _ 1 ~2apx : 2 :
Gyt ) = q(l)«MLh,,,)st,[Sln Q)4 7)" -sin@y, (t-7)dr
0

(3%5)
01 2 T3 04 05

—~0001
-0
-008
- 0004

: . R —1 2 o
Fig. 14: Axes:x=1[s],y='g (I‘Iﬁ)j‘wlﬁg)st (t) [m], Amplitude:

1 A 2apx

G () =0.00014m.

9) Dynamic component of the modal

i 2 2apx
displacement 0 b )

For the amplitude of the modal displacement

1 2

1 é(l)(G,,hq)st(Lh /2)
@y, m,L,

2
-y,

2 A#2apx _
(.M )y =

Q0 @y, = 0.0266

(Lyy) )

(36)
lq(zll;{;);"fuw )st (Z) 18
again expressed by the convolution integral and the
result is shown in Fig. 15.

The modal displacement component

t

40 1 (O = _zéﬁzifw,,hg)dyn_l;(sm @) T5inQ,7) sin @, (1~ 7)d7
000 — (37)
0002 -
VAN
o1 02 03 04 0s
0002 -
000 -

2 2apx

Fig. 15: Axes: x=1[s], y= 9aym,,
W Lbg

Y (t) [m], Amplitude

2 ~2apx

(1), o (t)=0,0039m -

10) Total modal displacement ;%" (1)

),(M

Superposition from Eq. (34) one get the total modal

. 2ap L
displacement 4 M) (¢#) with its components.
2apx 2apx 1
e Components q(l),(ML,,g)st(t)’q(l),(ML,,g) o (¢), Fig. 16.
0.004 :
0l \”7 03 04 05
0.002 :
0.004 [
1 . c = = 1 _2apx 2 2apx
Fig. 16: Axes: x=t [s], y= Components q(]b)r‘r;Mw)sl(t), q(l){le)dyn 0)

of the modal displacement q(zl‘;’gw )(t) [m].
o Lbg

° Total inertial mass effectqz“’“ )(t) , Fig. 17.

(M,
0004 |
0002 |
01 \(y 03 04 05
o0
0004 |-

Fig. 17: Axes: x= t [s], y= Total displacement q(zl‘;p(jw )(t) [m],
(M g

Amplitude 2(}(2][;":’;4,4,,‘;') 4 (£) =0.0039m -
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From Fig. 16 can be seen that for the dominant effect
of the dynamic component?y2#* (1) can be stated:

WML,, Ydyn
2apx 2 2apx
(A‘;[jh )(p,t) (3;“){1‘"(17»1) (38)

11) Beam displacement at midpoint due to load
(G, +M, ) and for the speed ¢ =65 m/s

The beam displacement %"
p (U(G/_hé +M py

)(Lb /2,t) at the
midpoint due to the force Fzé?:’iMng ,(p,t) s also defined
by the modal coordinate ' = (¢).

(D:(Grpg)
WA )(Lb /2,6)=q " )(l‘) -sin Q(l)d,f (39)

(D(Gppg +M g, (X(Gppe

The beam displacement at mid-point of the beam

W (L, 12,0) obtains also by the superposition.
(GLbg) M g >

WGt (Lo 1 2500 = Wi, (O + Wi, ()
(40)
Results for the beam displacement are presented in Fig.
18+20.

e All components of the beam displacement

2apx 2apx

A0 OO

WG 5t (s W 0 G o WO 250 (O W Y01yt

004
0002 +

‘ ‘ ‘ ‘

W 3 04 05
0002 +
0.004 +
0.006 +

Fig. 18: Axes: x=1 [s], y= All components [m],

2apx 2apr
Wi G st (L /2 ,1) - the blue colour,

brick red colour,

2apx _ 2apx
( L /2,1) the yellow colour, Wy My o

(L, /2,t)-the

(U(GLbé)dYn

(DM )st (L, /2,t)-
the green colour.
0004 -

0002 |-

oo [

0006 -

0008 -

Fig. 19: Axes: x=1 [s], y= Cumulative components [m],

Zapx 2apx _
Wity(Gy st (L / 251) - the blue colour, wiyfee (L, /2,1)

the brick red colour.

e Cumulative components (Zlgp(*c )
'Lbg

e (L /2,0) for the mid-point of the beam

(l)((r

(L,/2,t) and

The result of the cumulative components from Eq. (40)
is presented in Fig. 19.

e Total beam deflection at mid-span

2apx
w(])’(G(WﬁMth)(Lb /2,t)due to load (Gth +M, )s
Fig. 20.
ol 02 03 04 05

0.002 -
004 -
0.006
0.008 -

Fig. 20: Axes: x=t[s], y= Total beam displacement
oo (L, 12,0 M W3 (L, 1 2,0)=0.0098m -

W(I)(Gth +M )

e Dynamic coefficient 5jy‘;ﬂx (L, /2,1) for the
beam displacement, for the load (G, +M, )

The dynamic coefficient is defined as the ratio of the
maximum dynamic deflection to the static deflection at
mid-span of the beam. For the second iteration of the
beam displacement it is

Wiy s (L 250)

W (L, 12,1)

(DG )

(41)

5;“;”* (L,/2,t)=

From the above dynamic analysis results the dynamic
coefficient is show on Fig. 21.

YR 3 "o 05 /
\ /
002 |\ ,
/
0004 - N Y
N
0006 e
~ _\ —
08 |
0010 L

Fig. 21: Axes: x= ¢ [s], y= Dynamic coefficient dijfx(]‘b 12.1)
WA (L, /2,8)  0.0095

(1).(Gppy +M ,, ymax _ U _ 1

(21()’[22,, w(Ly 1 2,1) 0.0067

52 apx (

dyn

17/25[):
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3.3 Comparison Results of Dynamic
Response

2apx
. Total interaction force F( G‘ZJ;ML@)( p=ct)
due to the mass moving load (G, +a, ), Fig. 22.
The total interaction force consist from the static
contact force G,, and the time-dependent dynamic
2apx
component F > )(p,t)

Eéjf:+M,_hg>(p’t)=G<L,g Ei;f,X)(PJ) (42)

Second iteration (k=2)

[ First iteration

30 F
W
100 [
w0 e w e
Fig. 22: Axes: x= [s], y= Total interaction force
apx 2apx =
F‘(é,iJrM,, )(p =ct) (kN], F;GLZ+ML, )(p t) 496 kN.

®  Beam deflections at mid-span qz"’” )(t) for (k=2)
Lbg

M,(G,
2apx —
and W oy (Ly 1 2,1) for (=), Fig. 23.
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Fig. 23: Axes: x= ¢ [s], y= Total beam displacements [m],
2apx LT /D 4 momm - - apx
(I)IZGLh )(Lb /2 t) W(ZI)I(GM;*MUL (Lh /251)
Woncial (L,/2,6)= 0.0096 m,

WX Gy +M14)
~ 2apx
W (L 2,6)=0.007m

The ratio of amplitudes:

Amplitudes:

WGt (Lo 1 220) - 0.0096 I 24%
Wite (L, /2,0 7 0.0077
Dynamic coefficients:
0.0096
apr _ 0.0077 113 and 52‘?)((0 ) = =1.41
70,0068 el 10,0068

3.4 Third Interaction (k=3)

This load state corresponds to the moving force
FRapx )( p,t)and the beam deflections

(Grpg+M

. . -
Wl . (p,1) AgAIN. can be solved superposition by

analogy as in section 2. The main result for the mid-
span of the beam is in Fig. 24.

o Beam deflections at mid-span for (k=3)

3apx 3apx :
Wi e (Lo 1 220) B0WG oy (L /2,1). Fig. 24
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Fig. 24: Axes: x=1[s], y= Total beam displacements [m] ,
3apX (T /) 4| m == == apx
Wi G (L / 2:0) Wi Gy 31100 (L 1 251)
J(L, /2,6)=0.0089m

Amplitudes: (>~
P W(l) (Gppg+M g

~3apx _

W (L, 12.0)=0.007Tm

2apr _ 0.0077 -1 and 5(3)(,!" L /2.6)= 0.0089 _
dm 0.0068 ((,m+w,be)dyn( b 45 ) 70.0068

e Comparison Beam Deflections
e » )(L /2,t) for (k=2) and

(]) (Gppg

W (L, 12,0) for (k=3), Fig. 25.
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Fig. 25: Axes: x= [s], y= Total beam displacements [m] ,

2apx = —
W G/hg+M,_bg)( Lb /2, t) for (k: 2) the blue colour

3apx —7\
(1)(G/hg+M,bg)(L /2,1‘) for (k=3) — the red colour

Amplitudes: 4},

~ 2apx

WGy M) (Lb /2,£)=0.0096m, :
(L, /2,)=0.0089 m .

~ 3ap,x
(1 NGpg+M 4,
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4  Conclusion

The objective of this study was detailed analysis of the
dynamic response of the real steel railway bridge,
modelled as the simple supported beam and excited by
the traversed mass load M, = 44 t concentrated at the
locomotive bogies (Fig. 2,3), moving with the speed ¢
= 65 m/s = 234 km/h. The influence of the individual
components of the dynamic response, in particular, the
effect of the quasi-static and dynamic components of
the inertia force of the un-sprung mass on the dynamic
response was study.

The following conclusions can be extracted:

(1) The iterative modal approach as an approximate
solution is suitable tool for the practical analysis of a
moving mass problem. One of the main features of the
presented method is the capability of handling the
nonlinear problems into the linear solution.

(2) The numerical solution demonstrated the efficiency
of the iteration procedure allows to evaluate the
influence of the moving mass on the dynamic response
of the bridge. The numerical solution confirms that the
third iteration gives adequate results.

(3) The time histories of the bridge displacement at the
mid-span and dynamic coefficients determined from
them showed that the mass vibration significantly
affects the dynamic response, especially for the higher
speeds. While the dynamic coefficient for the moving

load is 5;;52((;“3)(% /2,t)=1.13, (Fig. 7), the dynamic

coefficient due to the moving mass for (k = 2) is
S +Mng)(Lb/2,t)=1_41, (Fig. 21), and

d)’"(Gth
5‘2;1;(‘2;11@”‘41_@)(['17 /2’t) =131 for (k = 3)

(4) The influence of inertial effect of the mass at a
higher speed influences the dynamic response
especially when passing through the second half of the
beam, when the inertial effects of the mass are
significantly.

(5) The total response due to a moving vehicle obtains
by utilization “the presented single concentrated bogies
load” and the superposition principle with the
application of the Heaviside function.
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