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Abstract 

Geometrically and physically non-linear solution of steel arc reinforcement with influence of 
passive forces is presented in this paper. The Winkler model is used to the solution. It is an elastic 
one-parametrical model, which is characterized by the only one constant C. A displacement method is 
utilized along with an iterative procedure. The software was created, which is based on derived 
procedure. An example was solved consequently. 
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Abstrakt 

Článek se zabývá geometricky a fyzikálně nelineárním řešením ocelové obloukové výztuže. 
Při řešení se počítá s interakcí výztuže a okolní horniny. Je použit Winklerův jedno-parametrický 
model. Základem celého řešení je obecná deformační metoda a iterační postup výpočtu. Odvozený 
postup byl podkladem pro sestavení softwaru v prostředí Microsoft Excel a Visuál Basic, který byl 
následně použit k řešení příkladu. 

Klíčová slova 
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 1 INTRODUCTION 
A steel reinforcement consisting of circular arcs plays an important role as a reinforcing 

element in the mining industry and is used frequently in underground building processes. The 
processes under the ground are, in contrast to the building process above the ground, often exposed to 
extensive deformation. Consequently, when statically analyzing the reinforcement, attention should 
be paid to both the geometrical and physical non-linearities. 

The loading of steel reinforcements in long mining works can be, in principle, active or 
passive. The active load is the result of weight of loose ground which affects the reinforcement in the 
vertical and horizontal directions. It can also develop from the weight of the technology plant or 
because of a one-off load which appears during shock bumps. In the long mine workings, the active 
loan can result from active deformation of a rock mass subject to deformation. 
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The active loading causes the steel arc reinforcement to deform. If the steel arc reinforcement 
is in contact with the rock and the reinforcement starts distorting “towards” the rock mass”, the rock 
mass affects the reinforcement which starts, in turn, deforming. Such induced forces are referred to as 
the passive forces and the load is referred to as a passive load. This means, the passive load is 
deformation caused by active loads of steel arc reinforcement. 

The passive forces typically influence very positively the load-carrying capacity of the steel 
arc support. They stabilize the steel arc support by inducing more positive components of the internal 
forces that are those typical of the active load. [1] 

2 SOLUTION 
Let us assume a reinforcement which is subject to active loads. Consequently, the 

reinforcement starts deforming and, if in contact with the rock and if deforms “towards” the rock, 
passive forces will appear there. The both conditions above, this means the rock contact and 
deformation direction, need to be fulfilled. Otherwise, the passive forces will not be created. 

First, let us assume that the passive forces will appear along the perimeter of the 
reinforcement. Let us divide the entire length of the arc into n segments with the dsi. Let us also 
assume that in each joint, the passive force affects perpendicularly the central line of the arc.  Each 
passive force represents another simple link – a kind of an elastic flexible hinged rod. (Note: The 
oldest and simplest interaction model was used for the solution – the Winkler model. This basic 
model ranks among single-parametric models with a linear response to the load. This means, to 
describe it, a single constant is necessary: the soil compressibility coefficient (C).   

One obtains n straight-line segments forming the arc and n-1 hinged rods which equivalently 
replace the produced passive forces (Fig. 1). This distribution results in np unknown parameters in the 
{r} deformation vector. The unknown deformation can be obtained using the general deformation 
method [2] and solving the following system of equations. 
 [ ] { } { }FrK =⋅ , (1) 

where [K] is the total rigidity matrix and {F} is the system loading vector. 

Fig. 1: Pattern of the arc, if the passive forces exist 

During the loading, the material does not behave linearly after the ultimate strength is 
exceeded - the material behaves in a physically non-linear way. The shape of its profile may change 
as well – see Fig. 6. The reason is changes in the bending rigidity of the profile where such changes 
depend on internal forces (on the bending moment M and on normal forces N). The bending rigidity 
for certain components of the internal forces is regarded as linear (the equivalent bending rigidity). In 
order to express it unambiguously, it is advisable to define the bending rigidity as a function of 
relative angular displacement and direct force [5], see Fig. 2. 
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 2.1 Rigidity matrix of the system, K 
The total rigidity matrix, [K], is obtained by localization of the global rigidity matrixes of the 

individual arc segments and rigidity matrices of the hinged rods which simulate the passive forces. In 
case of a non-linear solution, the matrix, [K], is the function of the loading vector, {F}. 

The global rigidity matrix, {ki}, of the individual straight-line segments, which form the arc 
reinforcement, is obtained by (2), (3) a (4). [3] 
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 [ ] [ ] [ ] [ ]ii
T

ii TkTk ⋅⋅= *  (4) 

dsi is there the length of the individual arc segments and ψI is the displacement angle of the  ith 
segment. EIi is the equivalent bending rigidity of the segment, which, during the calculation, is 
obtained by linear interpolation depending on the relative angular displacement of the segment, dϕi, 
and direct force, Ni, from the curves in Fig. 2. [4] 
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{ }ir  – is the global strain vector for the ith segment 
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Fig. 2: Curves of the equivalent bending rigidity, EI, for the profile P-28 
The global rigidity matrix, {ki}, of the hinged rods which is the equivalent replacement of the 

passive forces is obtained using the formulae below. For the hinged rods, the length l=1 is chosen. 
The surface is the profile width, b, (for P-28, b = 150 mm) multiplied with the sum of the halves of 

the length, ds, of the two adjacent arc segments. The modulus of elasticity, E, is given by the 
compressibility coefficient, C. 

Fig. 3: Detail of the rods in the ith joint incl. the strain 
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 2.2 Calculation 
In case of major strain when the load decreases, the {r} vector cannot be obtained by an 

explicit solution (1). It is, however, possible to choose strain in a specific point in the construction 
and look for the corresponding load and the remaining values of the strain. Thus, we obtain a 
combined task which is described by the equations below. 
 [ ] { } { }FqrK ⋅=⋅  (15) 
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 [ ] { } { }ssqF
KwrK ⋅−=⋅  (18) 

 { } [ ] ( ) { }ssFq KwKr ⋅−⋅= −1  (19) 

{ }F  - the loading vector induced by a unit load, q = 1 

{ }sK   - the vector containing elements in the sth column in the original matrix [K] 

[ ]FK  - the modified rigidity matrix where the sth column  is replaced with { }F  

{ }qr   - the modified strain vector where ws is replaced with the negative value, q 

The strain is calculated by iteration unless the required accuracy, ε, is obtained. The accuracy 
is given by the loads in two subsequent kth iterations.  

 ( )
k

kk

q
qq 1−−

=ε  (20) 

In each iteration step, the elements in the rigidity matrix, [K], are re-calculated over and over 
again. The new values depend not only on changes in the geometry of the construction, but also on 
changes in the bending rigidity of the individual segments, EI. In each iteration step it is necessary to 
check whether no tension appears in the hinged rods which replace the passive forces. The tension 
hinged rods are neglected in creation of the rigidity matrix, [K], because the tension forces cannot, in 
general, occur in reinforcement contact points. In order to decide whether the tension occurs there, it 
is necessary to confront the displacement angle of the hinged rod, iϑ , and direction of deformation, 
αδ,i , in the ith joint. If the condition (21) is fulfilled the reinforcement does not deform “into the 
rock", the reinforcement is not in contact with the rock and no passive forces occur in the i place. 
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Fig. 4: Graphic explanation to the formula (21) 

 3 EXAMPLE 
The method above was used when processing the 00-0-16/P28 reinforcement in software. The 

reinforcement consists of three steel arcs which overlap. Fig. 5 shows dimensions of the arcs and 
overlapping length. Creation of geometry was taken from [1], chapter 2.1. The compressibility of 
surrounding environment is C = 36 MPa/m3 along the perimeter of the reinforcement. The 
reinforcement is loaded with a continuous vertical even load. 

 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 5: Geometry of the reinforcement 00-0-16/P-28 

 

 

 

 

 

 

 

Fig. 6: Loading of the reinforcement and P-28 

 First, the passive forces were not taken into account in the calculation. Fig. 7 also shows 
gradual deformation of the reinforcement and the load-deformation curve (q depending on the 
deformation - vertical dislocation of the arc top, ws). The load, q, does not exceed 70 kN/m there. 
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Fig. 7: Deformation of the arc without the passive forces, example 1 

 
 
 
 
 

Fig. 7: Gradual loading of the reinforcement, if passive forces do not exist 

Then, the passive forces were taken into account in the calculation. Fig. 8 shows behaviour of 
the reinforcement subject to deformation. In case of major deformation, the rock does not co-act with 
the reinforcement, and the reinforcement starts deforming “out of the rock”. In this case, the hinged 
rods which represent the passive forces are not considered in the rigidity matrix [K]. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 8: Gradual loading of the reinforcement, if passive forces exist 

More extensive loading is needed to create much deformation, if the passive forces exist. Fig. 
8 shows dependence of the loading, q, on the vertical dislocation of the arc peak, ws. 
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 4 CONCLUSION 
In the software, it is possible to determine approximately the working stress-strain 

characteristics of the steel arc reinforcement, this means the dependence between the deformation and 
loading with various distribution of the loading forces. The software takes into account the geometric 
and physical nonlinearity as well as potential rock-reinforcement interaction. It follows from the 
example above that the load-carrying capacity of the same reinforcement might be very different and 
depends, in particular, on distribution of active forces affecting the reinforcement and conditions 
existing for the rock-reinforcement interaction. 
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